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GENERAL FRAMEWORK:

e PROBLEM WITH MASSIVE DATA.
TOO LARGE TO BE STOREDIN RAM,
MUST READ FROM EXTERNAL MEMORY.

e NATURAL APPROACH

DRAW A SMALL SAMPLE STORABLE IN RAM.

A SPECIAL APPROXIMATION ALGORITHM
PROCESSESSAMPLE AND YIELD A GOOD ESTIMATE
OF AN ANSWERTO THE WHOLE PROBLEM.
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(MAx-CuT, MAax-3SAT

(QP_T PROBLEM P

1

S

A
HaRQD Core
SAMPLE .

ConsTANT St1zE (Very Trny)

Tewls You SOMETHING’
AROUT OPTI’?_-?:



PAsTCc QUESTTION
OF PROPERTY TesTrnG

- e o e --‘----

ABSO LUTE APTPROX

HISTORICALLY,
THE FIRST RESULTS
WeERE DrscovERED
FoR DeENSE GRAPHS
(AT Frrer LACKING
THE HARD CoRe
EST‘IMA‘\-ES)



FIRST-CONNECTIONTO
THE DENSEINSTANCES
OF OPTIMIZATION PROBLEMS

SUBDENSE ANDNONDENSEINSTANCES
SAMPLE SIZES

METRIC & QUASIMETRIC INSTANCES
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PART I
FIRST-TRY:
DENSEMAX-CSPINSTANCESAND
SMOOTH INTEGER PROGRAMS

PART II;
MIN-CSPINSTANCES

PART III:
APPLICATIONS.
METRIC AND
QUASI-METRIC PROBLEMS
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MM AX /M1iN
+CSP

GIVEN A SET OF
- AQY BOooLEAN ENCTs

¢ 4, nfm. CONSTRUCT

AN A SSIGNMENT

MAXIMIZE /MINTMTZE
THe NUMBER OF




PRELIMINARIES:
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CoPING WITH

COMPUTATIONAL

HARDNESS

e NEW APPROX
METHODS(U.B.’S.)

e NEW PCP-TECHN.
(L.B.’S.)

—p.6/48



DENSEINSTANCES

ARE IN MANY
CASES-VERY-

“NATURAL"” | NSTANCES.

= ( DENSITY IN MANY CASES

A SENSIBLE PARAMETER )
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OPT.
PROBLEM

BOOL.FORMULAS

'ALMOST ALL’ GRAPHS, k-SAT FORMULAS,...
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APPROXHARDNESS?
(DENSE PCP??
OPT.

PROBLEM

BOOL.FORMULAS .

e AVOIDING PATHOLOGIES
OF NON-DENSEHARDNESS

CLASSIC.NP-H.

'ALMOST ALL’ GRAPHS, k-SAT FORMULAS,...
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DENSITY

IN OPT. :
. Q(n*) EDGES
. Q(n*) CLAUSES

IN K-SAT FORM.’S
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-DENSITY

—EXAMPLE:
MAX-CUT.
G:: MAX
V; ? Vo
- OPT

D
: T

MAX-cUT (G) = OPT
MAX-CUT (G & K,,) = OPT+ %
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G @ K, HAS
()(n?) EDGES
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= BEYOND
DENSITY.

= "M ETRIC/ GEOMETRIC
SITUATIONS”
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= [ APPROXIMATION FEASIBILITY ]

VS. NP.
NP

/‘y/AF-CLASS

APPROX ANALOG TO
THE NP-CLASS: MAX-SNP

APPROXIMATION SCHEMES FOR DENSE GRAPHS AND SOME CSP ROBLEMS — p.13/48



Two NOTIONS
OF AWPPROX.'S:

« ABRSOLUTE -
| opT-Yi< T

E QELP:TT; \/E :

MAK{OYPT Q7T ifj

Y = CosTS OF
SoLuTtrIoN S



-—_-___-

£70, & 1S A PoLY
TIME ALGORITHUM In
| TWe STIZE OF I (AW
TNSTANCE OF TU ) WITH

APPROX. RATIO |+&

F..
'-".“"

(MEANING B ouTPuTs

- ar e @ W o

A SOLUTION S To
SOLUTION

S _ ofnr)
T 2T Max {O?T(If e }

\ < H—g)




AF-CLASS
I
EPTAS
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e AISCALLED AN
EFFICIENT PTAS (EPTAYS)

IF ITS RUNNING TIME IS

If(l/e)l-nO(l).

A

OUGHT To BE “SMALL” }

GROWTH FUNCTION.
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O-ABsSOLUTE

PTAS (f_"/\ PT_Aé)
CONDITION:

|oPT-Y|<¢€e,
For ALL €50

IF OPT 1Is oOF
ORDER ¢ ( 0PT=Q(3))

0
J
M
Z
Ve
m
{H
G
‘g,
.)
Z
/s,
r"l
N
\:_,...




e DeNSE Max-csP
HAS ?TAS_S

[AKKSA51
ReE 27

e SURDENSE MAxX-CSP
',':HA% _PTAS s
' (FKOS1




RUNNING T1ve
QUNNING \IwWE
TMPROVEMENT S

For Wex-CSF:
335' _--...aZOOé.
A (AFKKO3]

e ApsoLUTE CTASs

AGS0LY- =
(O~(‘/§_‘f) SAMPLE
Z.O~( l/zl) T‘[ME )

( THAT AREA BecaAME

To Be KNowN AS THE
PROPERTY TeSTING)




(V)

e DENSE InsT OF
w HAVE

CTASs (O™(%4) SAMPLE
P ") Trme )




e APPROXIMATION HARDNESS

(WITH RESPECTTO APPROX RATIO 7):

ACHIEVING A.R. r

IN (RANDOMIZED) POLY TIME
= NP=P (NP=RP,NP=c&P,...)
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e APPROXIMATION HARDNESS

(WITH RESPECTTO APPROX RATIO 7):

ACHIEVING A.R. r

IN (RANDOMIZED) POLY TIME
= NP=P (NP=RP,NP=c&P,...)

(PCRTH. =V X MAX-SNP-HARD
Jde>0[X IS APPROX HARD WITHIN 1+¢].)
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*“WORLDS OF MAX-OPT. APPROXIMATION:

PTAS No PTAS
(SPIPs (MAX-SNFP-
PROGR, HARD FOR
.., 95) b =3,
'91, '92)

ExXPL. CONST.

| e DENSE] | @ SPARSE]
MIN. DEG. MAX. DEG
= 0(n) (©(n*)-EDGEY) < b (CONST.)
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'95 = 2000/°'01] MIN
“WORLDS" OF MAX-OPT. APPROXIMATION:

PTAS No PTAS
(SPIPs (MAX-SNFP-
PROGR, HARD FOR
..., ' 95) b =3,
'91, '92)

ExXPL. CONST.

v
O(n?)-

| e DENSE] | @ SPARSE]
EDGES
MIN. DEG. MAX. DEG

= O(n) (O[Z3E0GES) < b (CONST)
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e DENSEINSTANCES

a-DENSE GRAPHS
(MIN DEGREEOF G = (V, E)Is>alV|)

e A GRAPHISDENSE

IFITSMIN DEGREEIS O(n)

( A GRAPHISDENSEIN AVERAGE

IF IT HAS ©(n*) EDGES))
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=| OPTIMIZATION CLASSES

0-CLASS:
e LONGESTPATH

o TSP

1sT CLASS: | (LocAL CONSTR))

e MAX-CUT
e BISECTION

2ND CLASS:

e SET COVER
e STEINER TREE

3RD CLASS:
e BANDWIDTH
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Rer, [4]



A MaPe OF
"Dense”’ ( ABSOLUTE)
A PPROXTM ATTONS:



5 APPROX APPROX R
ROBLEM RATIO HARDNESS ="
DENSE
S PTAS — [AKK95]
MAX-SNP
DENSE
PTAS — [AKK95],[FV96]
MAX-CUT
DENSE PTAS — [AKK95]
MAX-DCUT
DENSE
S PTAS — [AKK95]
MAX-HYPERCUT(d)
DENSE
S PTAS — [AKK95]
DENSE-K-SUBGRAPH
EVERYWHERE PTAS _ [AKKO5]
DENSE SEPERATOR
EVERYWHERE
PTAS — [AKK93]
DENSE BISECTION
EVERYWHERE
PTAS — [AKK93]
DENSE MIN-K-CUT
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P APPROX APPROX R
ROBLEN RATIO HARDNESS EF.
DENSE MIN-LINEAR-
> PTAS — [AFK96]
ARRANGEMENT
DENSE d-DIMENSIONAL- e B G
ARRANGEMENT
DENSE MIN-CUT-
PTAS — [AFK96]
LINEAR-ARRANGEMENT
DENSE
(Nc-Inn OPEN [KZ97Db]
SET COVER c
DENSE
N PTAS — [KZ97D]
STEINER TREE
DENSE 5
MAX-SNP-hard KZ97b
VERTEX COVER 2 Vi-e [ ]
EVERYWHERE
2 MAX-SNP-hard | [KZ97b]
DENSE VERTEX COVER 1+
EVERYWHERE
3 OPEN [KWZ97]
DENSE BANDWIDTH
EVERYWHERE . OPEN S

DENSE DBANDWIDTH
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4TH CLASS:

(METRIC PROBLEMS)

e METRIC MAX-CUT )

4*TH CLASS:

(GEOMETRICAND METRIC
GRAPH PROBLEMYS)

e PARTITIONING PROBLEMS
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(='0-CLASS
DENSE'M ETRIC TSP,

LONGESTPATH. )

QUALITATIVE RESULTSCONNECTED

TOo BOTH

DENSEAND VERY

SPARSESITUATIONS (!)
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NP-HARDNESSAND DENSITY

a-DENSE GRAPHS
(MIN DEGREEOF G = (V, E) Is> a|V])

e HC ( HAMILTONIAN CYCLE PROBLEM )
ISINP FOrRa > 1/2,
e HC ISNP-HARD FOR a < 1/2.
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e LONGESTFPATH IS APPROX HARD
ForRa < 1/2 ([FVK98]).

¢(1,2)-TSP BAPPROX HARD
FORa < 1/2 ([FVK98]).

HC, (1,2)-TSPc P
(e NC)

I I
O O O
O ) %

Non Approx.
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= ANOTHER'M ETRIC' PROBLEM
DENSE(1,2)-TSP

I

SUBGRAPH SPANNED BY THE EDGESOF

LENGTH 1 IS DENSE

THEOREM ([FVK98],[FS98]).
FOREVERY 0 <d < 1/2,

(1,2)-TSPINST. OF MIN. DEG. > dn
HAas A PTAS= (1,2)-TSPHAs A PTAS
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e APPROX HARDNESSOF (1,2)-TSE
r*=1+1.34-107° (743/742) [EKOO]

4

1/4-DENSETSP:
P =1+1.07-103 [FVK98]

(BESTUPPERBOUND:
1.1429 (8/7), [BKO6].)
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3-Occ-E3-LINZ2

LOWERB.:
1.0163[BK99]

APPROXIMATION SCHEMES FOR DENSE GRAPHS AND SOME CSP RROBLEMS — p.28/48



 —
Td—

FOR

=
|

142

1+£&*.
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CLASSESOF DENSEOPT. PROBLEMS

= 1ST CLASS (LOCAL-CONSTRAINT)
e MAX-CuUT
e BISECTION
e MAX-SNP

= 2ND CLASS (COVERING PROBLEMS)
e SET COVER
e STEINER TREE
e VERTEX COVER

= 3RD CLASS (BANDWIDTH PROBLEMS)
e BANDWIDTH
e DBANDWIDTH

APPROXIMATION SCHEMES FOR DENSE GRAPHS AND SOME CSP ROBLEMS — p.30/48



1sT CLASS

(I[AKK95],
[FV96]. |)
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Vi Max VW,

e BISECTION

MIN IN “50/50”-CuT
(EQuUI-CuT) |V4| = | V3]
(“STATUS” W IDE OPEN!)
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[“DENSE’-I DEA:]

SAMPLE CUTS

EXHAUSTIVE
SAMPLING

O(logn)-SAMPLE
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PLACEMENT METHOD
BY EXHAUSTIVE SAMPLING:

e TAKE A SAMPLE OF
O(logn) VERTICES

e EXHAUSTIVELY TRY ALL

POSSIBLEPLACEMENTS (IN L, R),

90(ogn) _MANY DECIDE

WHERE EACH VERTEX OF THE

SAMPLE BELONGSIN OPT CuUT.
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DENSITY = WITH HIGH

PROBABILITY (1 — n 7, 3 CONST))

SOME OF THE NEIGHBORS

OF V WHERE SAMPLED.

EASY DECISIONS
IF TL(V)| < [Tr(V)]
OR T (V)| > [Tr(V)

“DIFFICULTY"

|F

L (V)] = [Tr(V)]
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/" @ciba
me\oot/hz E Method
L—Programml@ ————————————————————
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SPIP-
PRroOGRAMS




0
SP1P-
PRoGRAMS |

SMooTH  PoLyNoMraL
INTEGER PROGRAMS



P10 |

LET PE€ 2 ... x]
é_; A DEGREE K
PoLYNOMIAL WITH
INTECER COEFF. S,

LET

— fesrn
E;-_-.-/ a.M; |
B L= | %_T,NJ

—

COEFF HOAA‘)-O-




4

r p IS CALLED

!

|

)E-——-

T s
ConNSTANT C>0O, TFF

-_— =

kK — DEG (M)
(C(;\ S C'Q,,_’——J

L’_’fﬂs



DefF. A PouynoMmrar

TNTEGER PROGRAM
oF DEGREE K
e A SPIP

(OF DEGREE K)
I1F BoTH

"OR1ECTIVE AND

" CONSTRATINT
PoLYNOMIALS ARE

C - SMOQl H FOR










[ “SMOOTH” PROGRAMS]

( MAX-CuUT:
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= WRITE A
QUADRATIC INT. PROGRAM:

max { Z (@i - (z:(1 — ;)
+a;(1- ) |
o|z; € {0,1}

( A= [CLij] |S THE
ADJ. MATRIX OF G )
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MAX-CUT(G) = OPTp

Sij = l < x; 7& Tj , ($i,$j S {O, 1})
(Sij — X -+ .flfj — 251?2513])
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= E :aijsz‘j

1<J
= E —QCLZ'jZUZ'ZEj -+ E bzxz
1<J 7

e COEFFICIENTSOF DEG. 2
MoONOMIALS € {0, —2}

e COEFFICIENTSOF DEG. 1
MONOMIALS = O(n)
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DEF.

A POLYNOMIAL P € Qlzq,...,z,] OF

DEG. d I1S¢c-SMOOTH (¢c-CONST)
IF

P = Z CL@MZ'
1=1

AND

‘ai‘ < C.nd—DEG(Mi)

FORALL 1 <17 <m.
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= Q=) A5 Sij

i<j

FOR MAX-CUT

|S 2-SMOOTH.

(o | —2| < 2n’ FORDEG = 2;
1

e |cn| < 2n*"! FORDEG =
(c<1) ).
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DEF.

A POLYNOMIAL INTEGERPROGRAM
(PIP) OF DEG. d IS ¢c-SMOOTH

|F ITS OBJECTIVEFNCT. P ISA

c-SMOOTH PoOLYNOMIAL OF DEG. d.

ABS. APPROX OF SPIPs NEEDED

FORBOTH MAX- & MIN-CSP.
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SPIRTHEOREM
(ARORA, KARGER, KARPINSKI '95)

LET P BE AN SPIPOF DEG. d.

LET OPTBE THE OPT-VALUE OF P.
THEN FOR EVERY € > 0 THEREIS A
POLY TIME APPROX ALG. PRODUCING
AN ASSIGNMENTs € {0,1}",

S.T.

P(s) > OPT— en®

e RUNNING TIME: n°1/¢") (As OF '95)
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e QUNING |IME : O~( ‘/84)
[AFKK'03] Ree (']




TMPROVEMENT
OF ARSOLUTE
APPROX. RATTO

[ d w
L Sn{oon:k |

T

P(s)-~OPT |geny

1S

O LAVEGA, KARPINSKT
2006 )

> of. Rex 4],



WORKS FOR
BOTH MAX- & MIN-OBJ.

|

YIELDS PTASS FOF“L ARGE’-VALUES
OF OBJ. FNCTS. FOR'MAX/MIN’.

|

DENSEMAX-SNP
DoOoESHAVE A PTAS.

SO, 'CONSTRUCTIVELY’

|
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DENSE
MAX-CUT € PTAS

B (1sT CLASS).
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FPaRT 1T

Min -
OPTIMLZATION

(Mi-CSP)







LoP: .
DeENSE _
INSTANCE S k

l
'
|
;
|
|
!
|
;
!
!
'

S PARSE
TNSTANCES




CSP:

DeNSE .
INSTANCE S




SPARSTITY

(\/s, DeNsSITY )




TAKE 2 DNF- Cona,

%) A —
M1n-CSP (XAX "(X/\"!))

- g e e S B e R oa e o

MN-2CNF-DELETTON:

- o - e = = - - = - - - & o S .o

KNOWN To Be MAx-SNP-

- s T = > - - — B —_

HARD ([KPRT'S6]).

FoR § AN INSTANCE
OF *) Wit N VAR X .x,
CoNSTRUCLT A DenNse Iyst

- e e S O Ee e S S - ———

¢ BY ADPING ALL QL.A9§£§
~ FOR (£ (€N We
HAVE cLEARLY LPT(§)=0Pr(s)




' 18 "EVERYWHERE

-_— g e e s ...

DENSE == De pcE
MiN-2ONF ts

MAX-SNP- HARD.



Two

E)—J;'STAIQDIQG
PROBLEMYS :

MiN-k SAT
AND

Min-k LN
=kNCP

A
NeAResT CodEWoRD
ProeLEM




i | f,
CVERYWHERE
Dense”

(every Var. @

OR ITS NEGATTIOWN
Occurs Q(n )
Trmes)




- e
L
- o W T e

( [BTV3e], (KW 341)



( SET OF CONSTRATNT
- APOLICATIONS TS

- - e —

1  ee EQUP\TEON

-—\
> Rer [71.



ARoUT

Dense
Min-kSAT L

. ,
‘. OPTIMALLITY "

OoF PTAS ("VLS-.»QJ




(MAX-SNP-HARD oR

o ,
{- OPTIMALLITY

OF PTAS (’VAE >0)




T\

= SUGGESTS

A PAQTITION
OF 1NSTANCE S
OF Min-k8aT

© OFT({)z«n”
AND

h

* OPT(f)<etn®



qéL8 OF THe FoRMm:

{ ALGORTITHMS







THEORE M|

\
Dense

Vin-kSAT
AND
N
<NCP Proatemg

Have PTAS







{A PTAS BASED

- o o0 @ o o

(>START Now A New ALG
BaseD ON SAWMPLERS)
>2 Prexk 2 RANDOM SUBSETS

S‘— é;—OF THE SE.r x={X”,,.'X'S
oF Uags OF SIZE Ofiples)
(5n5 =) i
2 Foa ALL POSSTBLE ASSIGNS
1| > e o




[A PTAS BASED

/‘” .........
I A 8 Demse_ msmx\\.cu

- E= - s = - == "

ﬂ______________-———-——-
& APPLy 'SPIP -ALG, OF[AKe(aj

-.’-—-—-

FNCT:  QUTPUT = X*efo I}

>2 Prck 2 RANDO SUBSETS
<d\. 35 52_ ofF THE SE.\'X Exu,n
) or: Jags OF SIZE (O gLoc’r)
(5,nS, =P).

3 For ALL PoosIBLE ASSIGNS
a2 s oo ; AR




SAMPLER:
(F’oQ a ¢ §o,3> "S*J)

-h s o>

v , FOR E ACH
‘\ / \IAR X¢ S\J.S
o/ %_,
X, C ONSTRUCT
A GRATPH
=(Sv5, Ex) :

E_x.—.gfng[xeyezab
IS ANE@. , yeS AW
Z2e5, ,0R yeS, A

A Ze%%
M, = 3 OF EDGsTN E, SAT By
X=
? ,#— —T °,






/o TesT

(4 §
« LF mo?%—(m%i-m?)
ettt e

™eN set x:=1;

E i),

TweN SET (X:=0)

OTHERWISE SET

.= UNDEFINED

-~ 7

e PLACEMENT OF
ONDEFINED  VARS.

i e T—




[sD) {0 £5D

uq

SuPprose
YeX U (v s unoer)

u‘(
CoNSTRUCT
)5.‘ e )A SET oF Ea's 'S,
—/ WITHY As A VARTABLE
/ iF ':Sy=¢ We SET
Y To O (OR | ARRIMW)
= # OF EQ's SaT N f FoR
R '

Y=0
= ¥ —T




DenNote THE ReSULTING
v % (efard)

- o=
-'—

AgggGMHENT |

Min (7:’ Man (XS )
| - a J




PagT TLL.

CoNSTANT TiMe
AL GORTTHMS

&
APPLTICATIONS,

GETTING BEYOND

ARSOLUTE APPROX
BounDs.




GETTING THE
RUNING TiME

o SPIP-THEOREM
DownNn T o

O~ (+) .

SRR Sy s HNE

Sce FoR THE
INTERMEDTIATE

- S o T W

THETR APPLIC'c Rer((]



SPECIAL
LINEAR ALGEBRATC

TecHNIQUES NEEDED-
COMBINED WITH

S oOME CONSTANT
Tive SAMPLING
MetHoD FoR LDs
(LTNEAR PROGRAMY)




i

|

HOD
THE McT |
é\\: SPIP-THEOREM.

LINEARTZING

—
—
p—
—
-_— ms
—
-—
—_—
-—
-
-

QuADRATIC PROGRAN
P For Max-Cur

P MA»«{ZX e

%5 (1 7X))5
XX €40,18




g x° B
AsSTONMENT OF P
LyNeABLIEE P BY

ESTIMATING
ol Z (l-— -)$2¢+€n
¢,J)eC

R L e

RANDOM SA
SAMPLE
sxze O( ‘~°°"'/ £t %‘\%i

Sevenng 2= £ T i—%)
[S\€,J¢€, jes




SOLVE LineARIZED
LP AnD RounD

FRACTIONAL SOLUTTor

(BY RANDOMIZED
ROUNDING).

For HicHer DEGREES
USE RecurRstOpNn BAseD

N PowyN. Decom POsT,
-_T\_-_

Q T Z i (X‘__' I&I)
. 00
( CoNsST _D_§__GH= d‘i"aH,




GeTTING
DowN To
CONSTANT T}ME_,

:




NoTATION :

GIueEN FINITE
SETS \/“\IZ.)'“I\/‘V-;

An T- DTMENSTONAL

ARRAY A on V..,
IS A EUNCTION
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